We develop a simple theory of the electromagnetic response of a d-wave superconductor in the presence of potential scatterers of arbitrary s-wave scattering strength and inelastic scattering by antiferromagnetic spin fluctuations. In the clean London limit, the conductivity of such a system may be expressed in "Drude" form, in terms of a frequencyaveraged relaxation time. We compare predictions of the theory with recent data on YBCO and BSSCO crystals and on YBCO films. While fits to penetration depth measurements are promising, the low temperature behavior of the measured microwave conductivity appears to be in disagreement with our results. We discuss implications for d-wave pairing scenarios in the cuprate superconductors.
I. Introduction
A remarkable series of recent microwave experiments on high quality single crystals of YBCO 1,2,3,4,5 has been taken as evidence for d-wave pairing in the high-T c oxide superconductors, complementing NMR, 6 photoemission, 7 and SQUID phase coherence data 8 supporting the same conclusion. 9 In particular, there is thus far no alternate explanation for the observation of a term linear in temperature in the YBCO penetration depth, 1 other than an unconventional order parameter with lines of nodes on the Fermi surface.
Several initial questions regarding discrepancies between this result and previous similar measurements, which reported a quadratic variation in temperature, have been plausibly addressed by analyses of the effect of disorder, which have suggested that strong scattering by defects in the dirtier samples can account for these differences. 10, 11 We have recently attempted to analyze the dissipative part of the electromagnetic response, i.e. the microwave conductivity σ, within the same model of d-wave superconductivity plus strong elastic scattering, to check the consistency of this appealingly simple picture. 12 We found that the conductivity could be represented in a Drude-like form in which the normal quasiparticle fluid density and an average over an energy dependent quasiparticle lifetime entered. For microwave frequencies small compared to the average relaxation rate, the conductivity was found to vary as T 2 at low temperatures approaching ne 2 /π∆ 0 m at zero temperature. Here ∆ 0 is the gap maximum over the Fermi surface.
At higher microwave frequencies, the interplay between the microwave frequency and the quasiparticle lifetime was found to lead to a nearly linear T dependence over a range of temperatures. While some of the qualitative predictions of this model are in agreement with experiment, the low-temperature T 2 predictions for the low-frequency microwave conductivity differ from the linear-T dependence reported.
The main purpose of this paper is to explore further the overall consistency of the d-wave pairing plus resonant scattering model predictions for the low-temperature behavior of the electromagnetic response of the superconducting state. We will also examine the electromagnetic response over a wider temperature regime by phenomenologically including the effects of inelastic spin-fluctuation scattering. In the process we intend to provide the derivations of results reported in our previous short communication, 12 and address various questions raised by it:
1) To what extent can the microwave conductivity in a d x 2 −y 2 -wave superconducting state be thought of in direct analogy to transport in a weakly interacting fermion gas with a normal quasiparticle fluid density n qp (T ) and a relaxation time τ (ω) characteristic of nodal quasiparticles?
2) Can the temperature dependence of the microwave conductivity be used to extract information on the quasiparticle lifetime?
3) What is the characteristic low-temperature dependence of the quasiparticle lifetime for resonant impurity scattering in a d x 2 −y 2 superconductor and how does it affect σ? 4) What happens at higher temperatures when inelastic processes enter? 5) What happens to σ 1 (T, Ω), λ(T, Ω) and the surface resistance R s (T, Ω) at higher microwave frequencies?
6) To what extent can a model with a d x 2 −y 2 gap plus scattering describe the observed penetration depth and conductivity of the cuprates? Can the response of a d x 2 −y 2 -wave state be distinguished from that of a highly anisotropic s-wave state?
The plan of this work is as follows. In section II, we derive the expressions necessary for the analysis of the conductivity and penetration depth of a superconductor in the presence of impurities of arbitrary strength within BCS theory. In section III, we examine several useful limiting cases of these results analytically. In Sec. IV, we introduce a natural definition of the quasiparticle lifetime which allows the conductivity to be cast in a "Drudelike" form with a temperature dependent carrier concentration n qp (T ). Then we describe results obtained from a model for inelastic scattering by antiferromagnetic spin fluctuations and include these in a phenomenological way so as to describe the conductivity over a wider temperature regime. In section V, we compare results for the penetration depth, conductivity and surface impedance with data on high-quality samples, including both i) scaling tests of the d-wave plus resonant scattering theory at low temperatures, and ii) fits over the entire temperature range. In section VI we present our conclusions concerning the validity of the model and suggestions for future work.
II. Electromagnetic response: formalism
We first review the theory of the current response of a superconductor with general order parameter ∆ k to an external electromagnetic field, with collisions due to elastic impurity scattering included at the t-matrix level. 13, 14, 15 We expect such a theory to be valid at low temperatures in the superconducting state, if inelastic contributions to the scattering rate fall off sufficiently rapidly with decreasing temperature. This is the case in the model we discuss most thoroughly, namely a d x 2 −y 2 state with an electronic pairing mechanism. In such a case, as the gap opens, the low-frequency spectral weight of the interaction is supressed and the dynamic quasiparticle scattering decreases. The scattering rate in the superconducting state contains two factors of reduced temperature T /T c for electron-electron scattering, and one for the available density of states in the d-wave state, and therefore varies as (T /T c ) 3 at low temperatures. At temperatures of order .3 − .4T c the dynamic scattering has decreased by one or two orders of magnitude from its normal state value, at which point elastic impurity scattering dominates the transport. In this low temperature region, the gap is well formed and its frequency dependence occurs on scales larger than T c . Thus it is appropriate to model this system within a BCS framework.
Furthermore, since the dominant quasiparticle density is associated with the nodal regions, we assume that the qualitative features of the temperature dependence of the transport will be unaffected by the details of the band structure, and consider a cylindrical Fermi surface with density of states N 0 , and an order parameter ∆ k = ∆ 0 (T )cos2φ confined to within a BCS cutoff of this surface. A more complete theory capable of describing the higher temperature regime where inelastic scattering processes become important is discussed in section IV.
If an electromagnetic wave of frequency Ω is normally incident on a plane superconducting surface, the current response may be written
where A is the applied vector potential. The response function is related simply to the retarded current-current correlation function, with
where k ± ≡ k±q/2 and ω n = (2n + 1)πT and Ω m = 2mπT are the usual Matsubara frequencies. The approximate equality in the last step above corresponds to the neglect of vertex corrections due to impurity scattering and order parameter collective modes. The former vanish identically at q = 0 for a singlet gap and s-wave impurity scattering, 16 while the latter are irrelevant if the order parameter corresponds to a nondegenerate representation of the point group. As usual, in the last step we have performed the analytical continuation iΩ m → Ω + i0 + . The single particle matrix propagator g is given as, e.g., in
Ref. 16 in terms of its components in particle-hole space
where the τ i are the Pauli matrices and∆ k is a unitary order parameter in particle-hole and spin space. The renormalized quantities are given byω n = ω n − Σ 0 (ω n ),ξ k = ξ k + Σ 3 (ω n ),
, where the self-energy due to s-wave impurity scattering has been expanded Σ = Σ i τ i . The renormalization of the single-particle energies ξ k measured relative to the Fermi level is required for consistency even in the s-wave case, although it is frequently neglected because in the Born approximation for impurity scattering such renormalizations amount to a chemical potential shift. For a particle-hole symmetric system, these corrections can be important for arbitrary scattering strengths, but are small in either the weak or strong scattering limit. 16, 17 We therefore neglect them in what follows, and postpone discussion of the particle-hole asymmetric case, where these effects can become large, to a later work. We now continue the derivation of the response on a level sufficiently general to subsume both cases i) and ii) above. If we neglect ξ k renormalizations, the self-energies are given in a t-matrix approximation by
where Γ ≡ n i n/(πN 0 ) is a scattering rate depending only on the concentration of defects n i , the electron density n, and the density of states at the Fermi level, N 0 , while the strength of an individual scattering event is characterized by the cotangent of the scattering phase shift, c. The Born limit corresponds to c ≫ 1, so that Γ/c 2 ≃ Γ N , while the unitarity limit corresponds to c = 0. To evaluate Eq. (2), we first perform the frequency sums, then perform the energy integrations as in Ref. 15 , yielding in the general case
In calculating the surface impedance of the cuprate superconductors, it is important to take into account the anisotropy of these layered materials. 18 Here we are interested in the response associated with currents which flow in the ab layers. The wavevector in the ab plane is determined by the long wavelength of the microwaves and hence can be set to zero. Furthermore, the short quasiparticle mean free path in the c-direction means that the surface impedance is determined by the conductivity of a CuO 2 layer. Thus the surface impedance in this case is given by
Here σ 1 − iσ 2 is the complex frequency-and temperature-dependent q = 0 layer conductivity. It is customary to write the imaginary part of the conductivity in terms of a frequencyand temperature-dependent inductive skin depth λ(Ω, T ),
At temperatures a few degrees below T c , σ 2 ≫ σ 1 , so that the surface resistance R s is given by
and the surface reactance X s is
Thus microwave surface impedance measurements provide information on the inductive skin depth λ(Ω, T ) and the real part of the conductivity σ 1 (Ω, T ). In the previous section,
we have dropped the subscript 1 and denoted the real part of the conductivity simply by σ(Ω, T ), and in the limit Ω → 0, λ(0, T ) is just the London penetration depth.
At q = 0, the energy-integrated bubblesĨ ++ andĨ +− are given by 15
and
Hereω α ≡ω(ω + iα0 + ),∆ kα ≡∆ k (ω + iα0 + ), and ξ 0α ≡ sgn ω ω 2 α −∆ 2 kα with α = ±1.
We first consider the dissipative part of the response, reflected in the q = 0 conductivity
Combining Eqs. (6, (11) (12) yields
where
and primed quantities are evaluated at ω − Ω. For d-wave pairing there is no gap renormalization, so that∆ kα = ∆ k and the kernel S ij reduces to
We also require an appropriate expression for the London limit Meissner kernel Re ↔ K(0, 0) to evaluate the penetration depth. Taking Ω → 0 in Equation (5), we obtain 19, 20 Re
In the special case of isotropic s-wave pairing and Born scattering this reduces to the well known result 21, 22 Re
with v =ω + ∆/∆.
III. Limiting cases
We are primarily interested in the low-temperature, low-frequency conductivity required to discuss experiments in the microwave regime. Since the microwave energy is generally lower than the temperatures of interest, it is useful to replace (tanh βω/2 − tanh β(ω − Ω)/2)/(2Ω) by its small Ω/T limit −∂f /∂ω, providing an exponential cutoff above the temperature T in the integral (12) . At low temperatures T ≪ ∆ 0 , the temperature dependence of the conductivity depends strongly on the lifetime of the lowenergy quasiparticle states, determined by the self-consistent solution toω = ω − Σ 0 and
, where Σ 0 and Σ 1 are given by Eq. (4).
In an ordinary superconductor with weak scattering, only the exponentially small number of quasiparticles above the gap edge contribute to absorption. Resonant scattering, such as occurs in the case of a Kondo impurity in a superconductor, is known to give rise to bound states near the Fermi level, reflected in a finite density of states at ω = 0 and leading to absorption below the gap edge. 23 A similar phenomenon occurs in unconventional superconductors, with the difference that, whereas in the s-wave (Kondo) case the bound state "impurity band" is isolated from the quasiparticle density of states above the gap edge, in unconventional states with nodes the "bound state" lies in a continuum, and the lifetimes of all states are finite. 24, 25 . Nevertheless the energy range between zero and the gap edge ∆ 0 may be partitioned crudely into two regimes, separated by a crossover energy or temperature T * dependent on the impurity concentration and phase shift. Below ω ≃ T * , the scattering rate −2ImΣ 0 (ω) is large compared to ω, and the effects of self-consistency are important. The physics of this regime is similar to gapless superconductivity as described by the well-known Abrikosov-Gor'kov 26 theory of pairbreaking by magnetic impurities in ordinary superconductors. The low-temperature thermodynamic and transport properties are given by expressions similar to analogous normal state expressions, with the usual Fermi surface density of states N 0 replaced by a residual density of quasiparticle states n 0 = N (ω → 0) in the superconductor. Above T * , self-consistency can be neglected, and transport coefficients are typically given by power laws in temperature reflecting the nodal structure of the order parameter. 27 We note that this "pure" regime will correspond to the entire temperature range if the impurity concentration is so small that T * → 0.
In this paper we focus primarily on the case of resonant scattering in an attempt to describe the physics of Zn doping in the cuprate superconductors. While Zn impurities are believed to have no, or very small, magnetic moments 28 , they nevertheless appear to act as strong pairbreakers. 28, 6 A possible explanation for this strong scattering could be associated with the fact that an inert site changes the local spin correlations of its nearest and next nearest neighbors 29 These changes can lead to strong scattering 30 and even to bound state formation 31 for the holes of the doped system. With this in mind, here we assume that a Zn impurity may be approximated by an isotropic potential scatterer with a large phase shift close to π/2.
The essential physics of gapless transport in unconventional superconductors was discussed in the context of heavy fermion superconductivity by Hirschfeld et al. 24 and SchmittRink et al. 25 Although both works presented calculations for model p-wave states, most conclusions reached regarding p-wave states with lines of nodes continue to hold for the d-wave states in quasi-two-dimensional materials of interest here. For example, the normalized density of states N (ω) ≡ −ImG 0 (ω) is linear in energy for the pure system, and varies as n 0 + aT 2 for T ≪ T * for an infinitesimal concentration of impurities. Neresesyan et al. 32 have recently called into question the existence of the residual density of states n 0 in a strictly 2D system. We believe nevertheless that both the underlying three-dimensional character of the layered cuprates, as well as the extremely low temperature at which the difference between the logarithmic term and the slow power law behavior found in Ref. 32 becomes significant, make such considerations irrelevant for our purposes.
All quantities of interest in the gapless regime may be obtained by expandingω (and The constants a and b are found to be 1 2 and −1/(8γ), respectively. Thus for strong scattering both γ and the residual density of states n 0 vary as (Γ∆ 0 ) 1/2 up to a logarithmic correction. This is important because it means that low-energy states may be strongly modified, even though the impurity scattering rate, which varies as Γ near T c , is insufficient to suppress T c significantly. In the usual Born limit, on the other hand, gapless effects become important only when Γ N ≃ ∆ 0 , implying a large T c supression. As the normal state inelastic scattering rate, of order T c in temperature units, is much larger than the impurity scattering rate in clean samples, we expect that impurities are in any case relatively ineffective in suppressing T c until the elastic scattering rate at the transition becomes a significant fraction of the inelastic one (see Sections IV and V).
These estimates enable an immediate evaluation of Eqs. (13) and (15) in the gapless regime,
where σ 00 = ne 2 /(mπ∆ 0 (0)) for a d x 2 −y 2 state. The first term in Eq. (18) is a remarkable result first pointed out by P.A. Lee, 33 namely that the residual conductivity σ(Ω → 0, T → 0) of an anisotropic superconductor with line nodes on the Fermi surface is nonzero and independent of impurity concentration to leading order. It arises technically from the first term on the right hand side of Eq. (14), and is present in principle regardless of the scattering strength. Physically this reflects a cancellation between the impurity-induced density of states and the impurity quasiparticle scattering lifetime. The linear variation ω/∆ 0 of the d-wave density of states is cut off when ω drops below the impurity scattering rate τ −1 . Therefore, at low energies there is a finite impurity-induced density of states which varies as (∆ 0 τ ) −1 . At low temperatures such that T < τ −1 , the effective relaxation rate which determines the conductivity is proportional to the density of states (∆ 0 τ ) −1
multiplied by τ , giving ∆ −1 0 independent of the scattering strength. Very recently it was pointed out that a generalization of the present theory to include a finite scattering range results, in the limit of sufficiently large range or disorder, in a residual conductivity which scales with the scattering time (2Γ) −1 . 34 The predicted residual conductivity in this regime is however too small to apply to the experiments considered here.
In Figures 1 and 2 we illustrate the effect of varying the phase shift and impurity concentration on the T -dependence of the conductivity with a full self-consistent numerical evaluation of Eqs. (13) and (15) (18) is clearly visible in the resonant limit, c ≃ 0, but in the Born limit, c ≫ 1, the same limiting behavior is effectively unobservable for small concentra-tions at Ω = 0. Instead, the conductivity tends to a value σ 0 = ne 2 /2mΓ N except at exponentially small temperatures, where it again approaches σ 00 , due to the narrow width γ ∼ ∆ 0 exp −∆ 0 /Γ N of the gapless range in this limit.
For T > T * ≃ γ, we takeω − ω ≃ Σ 0 (ω) rather than Σ 0 (ω), and keep only the leading singular terms in Eqs. (13) and (15) as Γ → 0, arriving at the remarkably simple expression,
where 
leading to the pure limit conductivity result for Ω ≪ Γ∆ 0 /T , T ≪ T c ,
In the opposite limit Ω ≫ Γ∆ 0 /T , T ≪ T c we find
It is instructive to compare the form of the previous results with the more familiar form of those expected for an s-wave superconductor with weak potential scattering. We begin with Eqs. (13) and (14), and proceed as before in the pure regime, neglecting selfconsistency in Σ 0 and Σ 1 . We find
, (s-wave, Born)
where now however the quasiparticle relaxation time in the s-wave superconducting state is given by (2τ ) −1 = −ImΣ 0 (ω)−(∆/ω)ImΣ 1 (ω), and N (ω) = ω/ √ ω 2 − ∆ 2 . This relaxation rate has a similar form to that found, e.g., , by Kaplan et al. 35 for the electron-phonon quasiparticle relaxation in ordinary superconductors. In the limit Ω → 0, T → 0, we find
which is similar in form to the well-known Mattis and Bardeen result. 36 The hydrodynamic limit results Eqs. (21) predict a T 2 behavior 12 for resonant scattering or a constant 37 behavior for weak scattering for the low-T conductivity of a d-wave superconductor under the assumptions set down above. Neither of these is consistent with the linear-T variation reported in experiment, which would correspond to the assumption of a constant relaxation time τ . Thus the low-temperature experimental results appear to be inconsistent with the simplest d-wave model. 12 However, different physical relaxation mechanisms than those considered here could change the low-temperature behavior.
The crossover regime between the hydrodynamic (Eq. (21)) and collisionless (Eq. (22)) limits is an interesting one which we investigate further here. In Fig. 2 , we illustrate this In Fig. 3 , we plot the low-temperature conductivity for the case of resonant scattering to display the same crossover. It is interesting to note that a quasilinear behavior is in fact obtained over an intermediate range of temperatures when the frequency becomes comparable to the scattering rate, but this behavior does not appear to hold very far from Ω ≃ Γ.
To close the discussion of the low-energy behavior of the conductivity, we give analytical results for the frequency-dependent conductivity at zero temperature. 38 In this case the factor (tanh βω/2 − tanh β(ω − Ω)/2) appearing in Eq. (13) reduces to a window function limiting the range of integration from 0 to Ω. The result may be expanded for small values of the integration variable, yielding in the resonant limit
In Fig. 4 , we plot the frequency dependence of the T = 0 conductivity in the impuritydominated regime.
A full analysis of surface impedance measurements requires, in addition to the conductivity σ, a knowledge of the inductive skin depth λ(Ω, T ), which reduces in the limit Ω → 0 to the usual London penetration depth λ(T ). The Ω = 0 penetration depth in a d x 2 −y 2 state in the presence of resonant impurity scattering has been calculated by several authors.
In the gapless regime T < T * , the linear-T behavior characteristic of a d-wave system is destroyed, and one finds the result λ ≃λ 0 + πλ 0 T 2 /(6γ∆ 0 ), where λ 0 = mc 2 /4πne 2 is the pure London depth, and the renormalized zero-T penetration depth is given by 11 (λ 0 − λ 0 )/λ 0 ≃ (γ/(π∆ 0 )) ln(4∆ 0 /γ) ≃ Γ/(2γ). At higher temperatures T * < ∼ T ≪ T c , the penetration depth crosses over to the pure result, λ(T ) ≃ λ 0 [1 + ln 2(T /∆ 0 )]. For completeness, we show in Figure 5 the increase of the zero-temperature London penetration depth for large values of the scattering parameters in the Born and unitary limits. These results are in agreement with those of Kim et al. 39 The presence of low-energy quasiparticles can induce a strong frequency dependence to the low-temperature inductive skin depth λ(T, Ω), which can in some cases mimic shifts in low-temperature power laws. Some of these effects were explored in the context of heavy fermion superconductivity. 40 Here we observe that the skin depth temperature dependence can be suppressed if the microwave frequency is large enough such that Ωτ > 1. In this case, it is necessary to use the penetration depth measured at Ω rather than the limiting low frequency penetration depth, to extract the conductivity from surface resistance data. A simple expression for the frequency-dependent penetration depth λ(T, Ω) may be obtained in the pure regime, T > ∼ T * , by neglecting self-consistency in the imaginary part of the conductivity as well,
In the collisionless limit Ωτ ≫ 1, the response of the system is perfectly diamagnetic in this approximation, λ(T, Ω) → λ 0 . In Fig. 6 , we explicitly illustrate the effect of increasing the microwave frequency on the skin depth of a clean d x 2 −y 2 superconductor.
IV. Spin fluctuation model for quasiparticle relaxation
As discussed in Sec. III, in the "pure" limit where T * ≪ T ≪ T c , we find a "Drude"-like form (19) for the conductivity of a d-wave superconductor, with τ −1 (ω) = −2 Im Σ 0 (ω) and N (ω) the superconducting density of states. In this limit the penetration depth for a d x 2 −y 2 state is given by
Then using (λ(0)/λ(T )) 2 = 1 − n qp (T )/n to define a normal quasiparticle fluid density, σ may be written as
where the average ... is defined by
In the limit where Ωτ (ω) ≪ 1, Eq. (28) reduces to σ xx = n qp (T )e 2 τ /m.
For a d x 2 −y 2 gap, n qp (T ) varies linearly with temperature at low temperatures. Thus if the average lifetime τ were constant, σ xx would vary linearly with T at low temperatures.
However, the impurity scattering lifetime is frequency-dependent due to the frequency dependence of the single-particle density of states. In Fig. 7 we show plots of τ −1 (ω)
versus ω for the case of a d x 2 −y 2 gap and various values of the scattering phase shift. In the unitarity limit we have
Thus in the "gapless" regime, ω < T * , the impurity scattering rate saturates at 2T * and in the "pure" regime, ω > T * , τ varies linearly with ω to within logarithmic factors. In this limit, as discussed in Sec. II, the conductivity rises with increasing temperature as T 2 times logarithmic corrections. This type of behavior is characteristic of a d x 2 −y 2 gap and resonant impurity scattering. One power of T comes from n qp (T ) and the other from τ ; both ultimately reflect the linear ω variation of the single-particle energy density of states.
At higher temperatures, inelastic scattering and recombination processes determine the quasiparticle lifetime. In models in which the d x 2 −y 2 pairing arises from the exchange of antiferromagnetic spin-fluctuations, 41 it is natural to expect that antiferromagnetic spin fluctuations rather than phonons provide the dominant inelastic relaxation mechanism.
Calculations of the quasiparticle lifetime 42 have been carried out for a two-dimensional Hubbard model in which the spin-fluctuation interaction is taken into account by introducing an effective interaction
Here U is a renormalized coupling, and
is the BCS susceptibility with E p = ǫ p 2 + ∆ p 2 , where ǫ p = −2t(cos p x + cos p y ) − µ
With the interaction given by Eq. (31), the lifetime of a quasiparticle of energy ω and momentum p in a superconductor at temperature T is given to leading order by
Here n(ν) and f (ω) are the usual Bose and Fermi factors, and a quasiparticle renormalization factor has been absorbed into V . The second term of Eq. (32) arises from the rapid drop in the dynamic quasiparticle scattering rate as the gap opens below T c and spectral weight is removed from the spin-fluctuations. 44 The low-temperature T 2 dependence implies that at these energies, the quasiparticle scattering rate is increasing as the temperature is lowered due to the linear decrease in the single-particle density of states and the fact that τ is proportional to this density of states in the unitary scattering limit. 12 As the microwave frequency Ω is increased, the temperature T p , at which the peak in σ(Ω, T ) occurs, increases. At the same time the peak value decreases. Adding the numerical results for the inelastic scattering rate τ −1 in (T ) to the unitary elastic scattering rate and evaluating Eq. (25) for various microwave frequencies, we find that T p /T c and σ(Ω, T p )/σ(0, T c ) vary with Ω as shown in Fig. 10 .
V. Analysis
Quantitative comparison of the simple theory presented here with existing data is useful but dangerous. We remind the reader that many features of the model are certainly oversimplified, including but not limited to the neglect of the real Fermi surface anisotropy, higher-order impurity scattering channels, and strong coupling corrections. However, we do not expect inclusion of these aspects of the physics to qualitatively alter the nature of the temperature power laws in the response functions at low temperatures in the gapless and pure regimes. At higher temperatures T < ∼ T c , it is natural to expect that real-metals effects will produce nonuniversal behavior in the superconducting state even if the normal state is a strongly renormalized Fermi liquid. With these remarks in mind, we proceed as follows. We first attempt to fix the impurity scattering parameters within the resonant scattering model by comparison to the penetration depth data of Bonn et al. 5 on Zn-doped samples of YBCO. It turns out the fit obtained is relatively good in this case, although the scattering rates in the case of the Zn-doped samples are not fixed with high accuracy because of uncertainties in the zero-T penetration depth. As discussed below, a different kind of scaling analysis can be performed on the thin film data of Lee et al. 45 As one knows from the heavy fermion superconductivity problem, claims to determine the gap symmetry by fitting a theoretical prediction to a single experiment on a single sample should be treated with caution. It is extremely important to correlate results on different kinds of measurements on different samples. The results of the British Columbia group afford an excellent opportunity to do this kind of cross-checking. We therefore adopt for the moment the "best" results for the scattering parameters in the pure and Zndoped samples from the penetration depth analysis, and use them to compare calculated conductivities and surface resistances with the Bonn et al. data. 5 The behavior of the temperature-dependent conductivity is much richer than that of the London penetration depth, so it will be important for the consistency of the theory to see which aspects can be reproduced by the d-wave plus resonant scattering (plus inelastic scattering) model.
In Fig. 11 , we show one possible fit to the UBC penetration depth data. 5 The curves represent the theoretical penetration depth λ(T ) normalized to the pure London depth The value Γ/T c = 8 ×10 −4 is then chosen by fitting the curvature of the T 2 contribution at the lowest temperatures. As the absolute scale of the experimental λ(T = 0) is uncertain,
we have chosen to add constant offsets to the various data sets to try to achieve reasonable fits. Figure 11 shows that it is possible to find a consistent choice of such offsets, since Figure 12 represents a single film, the individual points corresponding to differing assumptions regarding other constants, such as the absolute value of the pure penetration depth, which enter such an analysis. It is seen that the agreement with the theoretical scaling is remarkably good, and that this agreement is not particularly sensitive to varying assumptions on the subsidiary constants.
Next we explore whether an equally good fit is possible for the resistive part of the conductivity which was also measured in Ref. 5 . As we have seen, even in the "pure" limit T > T * the conductivity depends on the quasiparticle lifetime. At low temperatures, elastic scattering from impurities determines this lifetime. At higher temperatures, however, inelastic scattering processes become important and we use a simple parameterized fit to the numerical results for the inelastic scattering rate τ −1 (T ) obtained by Quinlan et al. 42 As previously discussed, the parameters of the spin-fluctuation interaction used in this work were used in fitting the NMR data and the overall strength was adjusted to
give τ −1 in (T c ) of order T c . The total scattering rate is taken as the sum of the elastic and inelastic rates. Using the usual expression, for the surface resistance R s in terms of the real part of the conductivity σ and the penetration depth, R s = (8π 2 Ω 2 λ 3 σ)/c 4 , Bonn et al. extracted the conductivity for the same samples whose penetration depth is plotted in Fig. 11 . In Figs. 13 and 14 , we show the conductivity plotted for these samples calculated using the elastic scattering parameters taken from Fig. 10 and the inelastic scattering results from Fig. 8 . Although the size, position, and scaling with frequency of the prominent maximum in the conductivity are reproduced qualitatively, it is clear that the low-temperature behavior of the data does not correspond to the predictions of the model. In section II, we pointed out that, while a σ ∼ T behavior can be obtained in the pure regime if Ωτ ≃ 1, it is not generic to the theory; by contrast, the data for at least the "pure" sample and 0.15% Zn appear to follow a low-temperature linear-T law for all the samples shown. A similar behavior is observed in YBCO thin films and BSSCO single crystals. 46 The further difficulty apparent from the data shown in Figs. 13 and 14 is the rather large residual value of the conductivity as T → 0 exhibited by all data sets. While the d-wave theory predicts a residual absorption, the limiting σ 00 ≃ ne 2 /mπ∆ 0 of the theory is an order of magnitude or so lower than that extracted by the British Columbia group. 4, 5 While qualitatively different physical scattering mechanisms than those considered here, or a completely different picture for superconductivity in the cuprates might be responsible for the deviations from theory apparent in the data, we prefer to reserve judgement until further data is available. Very recent results from the British Columbia group indicate that twin boundaries may be responsible for the residual conductivities observed, and possibly also account for part of the temperature dependence observed at low temperatures. In Fig. 15 we show data for a twin-free, high-purity YBCO crystal 5 compared to the same theoretical prediction used for the low-frequency conductivity displayed in Fig. 13 . It is evident that the residual conductivity in the untwinned has been dramatically reduced, and the low-temperature fit to the d-wave theory correspondingly improved. Clearly highquality Zn-doped samples of this type are also desirable.
For completeness we also calculate and display the surface resistance R s (T ) for various values of the scattering parameters in Figure 16 . Here again, we see that the lowtemperature behavior of the theory is in disagreement with the data. 2, 3, 4, 5 This reflects the much lower residual conductivity predicted for our model, as well as the T 2 power law dependence. In addition, in order to reproduce the dramatic decrease in R s which is observed below T c , we need a large ∆ 0 /T c = 4 ratio. It is also important in making this comparison to recall that the drop in R s just below T c reflects less the collapse of the inelastic scattering rate which enters the conductivity σ than the divergence of the penetration depth depth near T c (recall R s ∼ λ 3 ). The data suggests that the magnitude of the gap opens more rapidly than usual. This type of behavior has been found in model calculations based on the exchange of spin fluctuations including processes not considered here. 47, 48 It is also possible that critical effects in a range of up to several degrees near the transition may lead to a divergence more rapid than in the usual mean field case. 49 
VI. Conclusions
In this paper we have calculated λ(Ω, T ) and σ(Ω, T ) within the framework of a BCS model in which the gap has d x 2 −y 2 symmetry, and both strong elastic impurity scattering and spin-fluctuation inelastic scattering processes are taken into account. We have sought to address a set of basic questions raised in the introduction.
Here we summarize what we have learned.
1) The microwave conductivity of the layered cuprates can be written in a Drude-like
Here n qp (T ) is the normal quasiparticle fluid density and the brackets denote the frequency average defined in Eq. (28) . The inverse quasiparticle lifetime τ −1 (ω, T ) is the sum of the elastic impurity scattering rate and the inelastic spin-fluctuation scattering.
The form of Eq. (28) describes the transport properties of nodal quasiparticles which have a relaxation time τ (ω, T ) and a density of states N (ω).
2) In the hydrodynamic limit Ω τ ≪ 1, σ(T ) = n qp (T )e 2 τ /m. This is just the form that Bonn et al. used to extract a quasiparticle lifetime from their conductivity data. Here we have shown that τ corresponds to an average over a frequency-and temperaturedependent lifetime. Figure 8 shows a plot of τ −1 versus T for typical parameters.
3) We find that for a d x 2 −y 2 gap, σ(T → 0) goes to a constant σ 00 = ne 2 /mπ∆ 0 independent of the impurity concentration (for small concentrations). 33 If we take τ −1 (T c ) ≃ T c from DC resistivity measurements, and 2∆ 0 /kT c = 6, then σ 00 /σ(T c ) = 1/3π so that the limiting value of σ 00 is a about an order of magnitude smaller than σ(T c ). As the temperature increases, σ(T ) grows as T 2 . For T > T * , this can be understood as arising from the fact that both n qp (T ) and τ in the resonant scattering limit vary linearly with T . Note that we also find that for T < T * , σ(T ) − σ 00 varies as T 2 . If, in the pure limit T > T * , τ were a constant, then σ(T ) would increase linearly with T . However, this is not the case for the model we have considered. Both the fact that σ(T → 0) is independent of the impurity concentration and that σ(T ) increases as T 2 appear to be in disagreement with the presently available data. There is some evidence that the residual conductivity may be substantially lowered by reducing the density of twins in the crystal, 5 but the linear-T behavior remains a puzzle. Whether other scattering mechanisms can give rise to this behavior is not at present understood. The effect of particle-hole asymmetry is of particular interest in the context of our observation that a constant relaxation time at low temperatures in pure samples is needed to produce a linear temperature dependence. The analytic properties of the self-energy of a particle-hole symmetric superconductor formally preclude such a result, however.
An investigation of particle-hole asymmetry effects is in progress.
4) At higher temperatures, inelastic scattering processes become important and give rise to a scattering rate which increases initially as (T /T c ) 3 . As shown in Fig. 8 , this leads to a minimum in τ −1 at a particular value of T /T c . 5) At higher microwave frequencies where Ω τ ∼ 1, there is a crossover from the hydrodynamic to the collisionless regime, and the relationship of σ(T, Ω) to the quasiparticle lifetime involves an average of τ (ω, T )/(1 + Ω 2 τ 2 (ω, T )). In this regime, the conductivity can exhibit a quasi-linear variation with T . We have shown in Fig. 10 how the temperature T p of the peak conductivity varies with Ω along with σ(Ω, T p )/σ(T c ). We have also found that at higher microwave frequencies, quasiparticle screening leads ants. It appears (Figs. 11 and 12 ) that the temperature-and impurity-dependence of the penetration depth can be fit within the framework of this model. It will be interesting to compare the results for the Ω-dependence of λ(T, Ω) with experimental results which will soon be available. 50 The measured values of σ 1 (T, Ω) shown in Fig. 14 for the pure and 0.15 % Zn samples appear to have a linear low-temperature variation in contrast to the T 2 variation predicted from the model. In addition, as noted, the limiting residual value of the conductivity obtained from the theory is smaller than that observed in many samples and is independent of the concentration of impurities. Nevertheless, as shown in Figs. 11 and 15 , a simple d-wave model plus scattering provides a reasonable overall fit to both the real and imaginary parts of the conductivity. One can ask whether alternative models such as an anisotropic s-wave pairing could provide similar fits to the data. In the absence of impurity scattering, the penetration depth and the low-frequency microwave conductivity σ(T ) will both vary exponentially at temperatures below the minimum gap value. In addition, if the minimum gap value is finite, σ(T → 0) will vanish as exp −(∆ min /T ). An extreme example of an anisotropic s-wave gap is given by taking for ∆ the magnitude of the d x 2 −y 2 gap, ∆ 0 (T )| cos 2φ|.
In this case, the results in the pure limit for λ(T ) are identical to the d x 2 −y 2 results.
However, the addition of impurities can lead to a qualitatively different behavior for the anisotropic s-wave case. 51 As discussed in Section II, bothω n and∆ k are renormalized by impurities in the s-wave case. In particular, potential scattering acts to average the gap over the Fermi surface, thus reducing the peak value of the gap and increasing the minimum value. Thus, even if one took the extreme anisotropic s-wave case in which the gap has nodes but does not change sign, impurities would lead to a finite effective gap and an exponential rather than T 2 crossover of the low-temperature dependence of both λ(T ) and σ(T ). If "inert" defects like Zn impurities are found to have a magnetic character, 52 however, distinguishing s− and d−wave states becomes more difficult. 51 Further measurements of the low-temperature dependence of the surface impedance in pure and impurity doped cuprates along with detailed comparisons with theoretical models are necessary to determine the symmetry of the pairing state.
